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ABSTRACT
Eulerian and Lagrangian statistics in the atmospheric convective boundary layer (CBL) are studied by
means of large eddy simulation (LES). Spectra analysis is performed in both the Eulerian and Lagrangian
frameworks, autocorrelations are calculated, and the integral length and time scales are derived. Eulerian
statistics are calculated by means of spatial and temporal analysis in order to derive characteristic length and
time scales. Taylor’s hypothesis of frozen turbulence is investigated, and it is found to be satisfied in the
simulated flow.
Lagrangian statistics are derived by tracking the trajectories of numerous particles released at different
heights in the turbulent flow. The relationship between Lagrangian properties (autocorrelation functions)
and dispersion characteristics (particles’ displacement) is studied through Taylor’s diffusion relationship,
with special emphasis on the difference between horizontal and vertical motion. Results show that for the
horizontal motion, Taylor’s relationship is satisfied. The vertical motion, however, is influenced by the
inhomogeneity of the flow and limited by the ground and the capping inversion at the top of the CBL. The
Lagrangian autocorrelation function, therefore, does not have an exponential shape, and consequently, the
integral time scale is zero. If distinction is made between free and bounded motion, a better agreement
between Taylor’s relationship and the particles’ vertical displacement is found.
Relationships between Eulerian and Lagrangian frameworks are analyzed by calculating the ratio 
between Lagrangian and Eulerian time scales. Results show that the integral time scales are mainly constant
with height for z/zi  0.7. In the upper part of the CBL, the capping inversion transforms vertical motion
into horizontal motion. As a result, the horizontal time scale increases with height, whereas the vertical one
is reduced. Current parameterizations for the ratio between the Eulerian and Lagrangian time scales have
been tested against the LES results showing satisfactory agreement at heights z/zi  0.7.
1. Introduction
Atmospheric dispersion is a topic of great impor-
tance, especially in relation to pollutant transport. Two
different approaches, known as the Eulerian and the
Lagrangian frameworks, are used to describe this pro-
cess.
In the Eulerian framework, statistical properties are
calculated in a fixed reference frame. This approach is
most commonly used in field experiments, with surface
or aircraft platforms (Briggs 1993; Lenschow and
Stankov 1986), as well as in laboratory experiments
(Willis and Deardorff 1976, 1981; Weil et al. 2002) or
Eulerian numerical models (Lamb 1978; Henn and
Sykes 1992; Mason 1992). In the Lagrangian frame-
work, the statistical properties are calculated in a ref-
erence frame that moves with the flow. This is the most
natural approach for theoretical investigation of turbu-
lent dispersion, as in the works by Taylor (1921) and
Batchelor (1949), who established seminal theoretical
relationships between dispersion parameters and tur-
bulent characteristics in flows characterized by homo-
geneous turbulence. These relationships have been
widely applied in studies of atmospheric dispersion in
the atmospheric boundary layer (ABL). Turbulence in
the atmospheric convective boundary layer (CBL),
however, is vertically inhomogeneous, and the flow is
generally characterized by large downdrafts of cold air
surrounded by narrow strong updrafts of warm air. As
a result, the vertical velocity is positively skewed, and
the turbulent transport is asymmetric (Wyngaard and
Weil 1991). Another relevant aspect in atmospheric dis-
Corresponding author address: Dr. A. Dosio, Meteorology and
Air Quality Section, Wageningen University, 6701 AP Wagenin-
gen, Netherlands.
E-mail: alessandro.dosio@wur.nl
APRIL 2005 D O S I O E T A L . 1175
© 2005 American Meteorological Society
persion is that the vertical transport is confined be-
tween the surface and the inversion at the top of the
CBL.
Previous theoretical analysis has been applied to in-
homogeneous flows, in particular in the works by de
Baas et al. (1986), Georgopoulos and Seinfeld (1988),
and Degrazia et al. (1998), who related dispersion pa-
rameters and Lagrangian properties (like the integral
time scale) to spectral characteristics of the atmo-
spheric CBL.
Experimental measures of Lagrangian statistics in
the CBL are very difficult to obtain. Experiments with
grid-generated isotropic turbulence (e.g., Sato and
Yamamoto 1987; Voth et al. 1998; Ott and Mann 2000)
are only partly representative of the turbulent transport
in the atmosphere. Measurements of Lagrangian statis-
tics in the atmosphere require the use of neutrally
buoyant balloons (Gifford 1955; Angell 1964; Hanna
1981). As pointed out by Hanna (1981), due to the
complicated experimental setting required in order to
trace the balloon trajectory, the small number of bal-
loons used, and the short sampling time (which rarely
exceeds 30 min), experimental estimates of the
Lagrangian time scale have solely an accuracy of about
50%.
Another alternative method to calculate Lagrangian
statistics is by means of numerical simulations; that is,
the trajectories of particles released in a numerically
generated turbulent flow are tracked in space and time.
The most accurate approach is direct numerical simu-
lation (DNS) by which the governing equations of the
turbulent motion are directly solved numerically. Due
to the high number of degrees of freedom needed to
solve all the scales of motion of turbulence, Yeung and
Pope (1989) and Squires and Eaton (1991) investigated
Lagrangian properties of isotropic turbulence only at
low Reynolds numbers, therefore making it difficult to
extrapolate the results to atmospheric applications.
Since Lagrangian statistics are strongly influenced by
the large scales of motion (Wang et al. 1995), a more
suitable approach for studying Lagrangian statistics in
the ABL is by large eddy simulation (LES). By simu-
lating the atmospheric flow with LES, the largest en-
ergy-containing scales of motion are solved directly,
and only the effect of the smallest (subgrid) scales are
parameterized (e.g., Nieuwstadt et al. 1991). To our
knowledge, only very few studies have investigated
Lagrangian statistics using LES: Wang et al. (1995)
studied the ratio of the Lagrangian to the Eulerian time
scales and the particles’ mean-square dispersion in a
simulated turbulent channel flow, a highly idealized ap-
proximation of the neutral ABL. The Lagrangian sta-
tistics were only calculated for two different values of
the Reynolds number (Re  3200 and Re  21 900)
and only at a few selected levels within the boundary
layer (BL). Uliasz and Sorbjan (1999) calculated verti-
cal profiles of Lagrangian time scales in the CBL, but
neither further investigation on other turbulence prop-
erties (such as the energy spectra) nor direct applica-
tion to dispersion characteristics was made.
In our study, an LES is used to calculate Eulerian and
Lagrangian statistics in the atmospheric CBL. In con-
trast to field measurements, the numerical simulation
represents a very controlled experiment because the
flow characteristics are prescribed through initial and
boundary conditions. In addition, the use of a large
numerical domain and a long integration time allow us
to obtain reliable statistics in both space and time.
Three main research issues are addressed in this
study: First, the turbulent characteristics of the flow are
studied in the Eulerian framework by analyzing the en-
ergy spectra and velocity autocorrelations. Spatial and
temporal analysis are carried out in order to derive
length and time scales. These integral scales are usually
related by Taylor’s hypothesis of frozen turbulence.
The LES results allow us to investigate the validity of
Taylor’s hypothesis in our numerically simulated CBL.
Second, Lagrangian statistics are calculated, and the
relationship between flow properties (autocorrelations)
and dispersion characteristics (particles’ displacements)
is discussed through Taylor’s analysis of turbulent dis-
persion (Taylor 1921).
Finally, the relationship between Eulerian and
Lagrangian frameworks is studied by calculating the
ratio  between the Lagrangian and Eulerian time
scales. This is relevant for improving the description of
turbulent dispersion in the CBL and for relating theo-
retical approaches to experimental studies. Currently
used parameterizations derived either in previous field
atmospheric experiments (Hanna 1981) or through
theoretical analysis based on analytical spectra (Degra-
zia et al. 1998) are validated against the LES results.
The outline of the paper is as follows: The theoretical
background of the research is provided in section 2; in
section 3, the numerical experimental setup is de-
scribed, and definitions of the calculated variables are
given. The LES results for the Eulerian and Lagrangian
statistics are then presented and discussed in sections 4
and 5, respectively. In section 6, the application of these
statistics to atmospheric dispersion is examined. Fi-
nally, in section 7, the relationship between the two
frameworks is studied. The range of validity of existing
parameterizations for the value of the Lagrangian time
and the ratio between Lagrangian and Eulerian time
scales are also compared with the LES results.
2. Theoretical background
Dispersion in the atmosphere is related to the dis-
placement of particles from one another. Assuming an
ensemble of particles moving in the turbulent flow, the
displacement in the jth direction, at a time t after the
release, is defined as
xj
2t  xj
it  xj
it2, 1
1176 J O U R N A L O F T H E A T M O S P H E R I C S C I E N C E S VOLUME 62
where xij(t) is the position of the ith particle, and the
overbar represents the average over all the particles.
Following the classical analysis of Taylor (1921), this
displacement is expressed as a function of the proper-
ties of the turbulent flow according to
xj
2t  2j
2 
0
t 
0
t
Rj
Ld dt, 2
where 	j is the (square root of the) velocity variance,
and RLj (
) is the Lagrangian autocorrelation function,
defined as
Rj
L 
ujtujt  
j
2 . 3
Here, uj (t)  u
i
j(t)  u
i
j(t) is the velocity fluctuation of
the ith particle at time t, and 
 is the time lag.
Relationship (2) has two analytical limits for short
and large times, respectively,
xj
2t  j
2t2 t  Tj
L and 4
xj
2t  2j
2Tj
Lt t  Tj
L, 5
where the Lagrangian (integral) time scale TLj is de-
fined as (e.g., Hinze 1975)
Tj
L  
0

Rj
Ld. 6
There is a large uncertainty in the value of the
Lagrangian time scale and its dependence to other vari-
ables of the ABL. For instance, values reported in lit-
erature vary from TL,w  80 s (Hanna 1981) to T
L
 
10 000 s (Gifford 1987). Theoretical analysis by Degra-
zia et al. (1998) relates the Lagrangian time scale to
flow characteristics (for details see section 7):
Tj
L  C
zi
j
, 7
where the value of the constant (C  0.17) is in agree-
ment with the experimental results by Hanna (1981) in
the middle of the CBL.
Lagrangian statistics are seldom measured experi-
mentally in the CBL, and TLj is normally inferred from
Eulerian statistics using the following relationship:
Tj
L  jTj
E, 8
where TEj is the Eulerian integral time scale, and j is
the ratio of the Lagrangian to Eulerian time scales.
Atmospheric measurements of j usually range be-
tween 3 and 4 (Gifford 1955; Angell 1964), whereas
Hanna (1981) found a value of j  1.6.
The value of j is dependent on the turbulence in-
tensity i  	j/U [where U  U(z) is the mean wind
speed] by the relationship,
j 
C
i
 C
U
j
, 9
where the value of the constant C ranges in the litera-
ture from 0.35 to 0.8 (see, e.g., Wang et al. 1995), with
a theoretical value of 0.44 (Wandel and Kofoed-
Hansen 1962) and an experimentally measured value of
0.7 (Hanna 1981). Numerical simulations by Wang et al.
(1995) led to C  0.6.
LES allows us to calculate Eulerian and Lagrangian
statistics for an atmospheric CBL within the same nu-
merical experiment. From the LES results, the autocor-
relation function (3) in calculated in both Eulerian and
Lagrangian frameworks, and the integral scale (6) is
derived. From the computed particle trajectories, dis-
persion statistics (1) are calculated and related to the
turbulent characteristics of the flow through (2). By so
doing, we investigate the influence of the inhomogene-
ity of the flow and the CBL boundaries on atmospheric
dispersion.
Finally, the values of the Lagrangian time scale and
the ratio j (8) are compared with experimental mea-
surements and previously proposed parameterizations
[Eqs. (7) and (9)].
3. Description of the numerical experiment
The LES code used here was the parallelized version
of the one described by Cuijpers and Duynkerke (1993)
and Siebesma and Cuijpers (1995), in which a set of
filtered prognostic equations for the dynamic variables
(wind velocity, potential temperature, and turbulent ki-
netic energy) was solved on a staggered numerical grid.
The space and time integrations were computed with a
kappa (Vreugdenhil and Koren 1993) and leapfrog nu-
merical schemes, respectively.
The numerical domain covered an area of 10.240 
10.240 km2. A horizontal grid length of 40 m was used
(256 grid points in each horizontal direction). A non-
uniform grid of 96 points was used in the vertical di-
rection, with the vertical grid resolution varying from 5
m near the surface to 15 m above the surface layer.
The subgrid fluxes were closed by relating them to
the gradient of the solved variable by means of an ex-
change coefficient, which depended on the subgrid tur-
bulent kinetic energy, and a length scale, which was
related to the grid size. By so doing, the grid anisotropy
was to a certain extent implicitly taken into account by
the subgrid closure. The aspect ratio, that is, the ratio of
the horizontal domain dimension to the CBL height zi,
was around 10 (with zi  940 m). Lateral periodic
boundary conditions were imposed for all the variables.
A time step of 0.25 s was used.
At the top of the CBL, an inversion strength of  
5 K was imposed, which strongly limited the vertical
motion of the flow in the entrainment zone. As shown
by Moeng and Rotunno (1990), the turbulent flow near
the top of the CBL is strongly influenced by the capping
inversion; the updrafts convert their kinetic energy into
that of horizontal motion. Moreover, in this region,
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there are fewer updrafts than in the middle of the CBL.
As a result, the skewness of the vertical velocity in-
creases. The change of the turbulence structure due to
the strong inversion has a large impact on the particles’
vertical motion, as will be discussed later.
A geostrophic wind of 5 m s1 aligned in the x direc-
tion and a heat flux of 0.156 K m s1 were imposed as
constant forcing, and the simulation was run for an ini-
tialization period of 2 h [i.e., the period of CBL devel-
opment needed to ensure that a (quasi) stationary state
is reached]. After this period, the gradients of the mean
variables were independent of time, and the turbulent
kinetic energy had become constant. The average val-
ues of the convective velocity scale w* was 1.7 m s
1
and the shear/buoyancy ratio u*/w* was equal to 0.21
(where u* is the friction velocity). The value of the
stability parameter zi/L was 40. According to the
classification used by Holtslag and Nieuwstadt (1986),
this simulated flow is mainly driven by convective tur-
bulence.
a. Lagrangian particle model
After the initialization period, 1024 particles were
released on a regular horizontal grid at 50 different
levels (from z  100 m to z  850 m), that is, a total of
51 200 particles. The horizontal distance (x and y direc-
tion) between the initial position of each particle was
320 m, in order to assure statistical independence. The
position and velocity of each particle were recorded
every 5 s for the following 5120 s. Here, it is important
to point out that the Lagrangian statistics (autocorrela-
tions and integral scales) are mainly dependent on the
contribution of the largest scale of motion. For ex-
ample, the integral scale is directly related to the peak
of the energy spectra (Hanna 1981); therefore, a long
sampling time is required to completely solve the most
relevant scales of motion. Besides, tracking the particle
using shorter time steps does not improve the results at
smaller scales. In fact, since the horizontal grid size is
40 m and the mean wind speed is 5 m s1, each particle
remains in a numerical grid cell for an average time of
8 s. Scales of motion smaller than the grid size are
therefore filtered out by the LES. A test performed by
tracking the particle every second did not show signifi-
cant differences in the particle trajectories and veloci-
ties.
The position in the direction j of the ith particle was
calculated according to
xj
it  t  xj
it  uj
itt, 10
where t is the time step, and uij(t) is the velocity of the
particle calculated by linearly interpolating the values
of the resolved (Eulerian) velocity at the eight closest
grid points. As pointed out by Weil et al. (2004), for a
more realistic calculation of the particle’s position, the
subgrid component of the velocity uij should be in-
cluded in (10). The value of uij, which is not directly
available from the LES, could be computed by solving
the Langevin equation using a Markov chain process, as
suggested by Gopalakrishnan and Avissar (2000) or by
a simple random walk scheme (Uliasz and Sorbjan
1999). A different approach was used by Mason (1992),
who added a random vertical displacement to the mo-
tion of the particles close to the surface. Finally, Weil et
al. (2004) used an adaptation of Thomson’s (1987)
Lagrangian Stochastic Modelin which uij is specified by
a Gaussian probability density function (PDF) based on
the subgrid stress tensor.
The subgrid velocity is particularly relevant in re-
gions characterized by strong gradients, such as near
the surface, and may lead to errors in the calculation of
ground concentration (Weil et al. 2004). In our study,
particles are released between z/zi  0.12 and z/zi 
0.9, where the flow is characterized by constant profiles
of wind and potential temperature.
Moreover, as discussed earlier, a quantity such as the
Lagrangian time scale is dependent on the velocity con-
tributions of the lower frequencies only, and therefore
the velocity subgrid scales are not very relevant. This is
corroborated by previous studies by Wang et al. (1995)
and by Gopalakrishnan and Avissar (2000), who found
no significative difference in the results if the velocity
subgrid component was taken into account. Also, a
simulation run with a finer grid (10  10  10 m) did
not show differences in the results at large scales, as
discussed below. The subgrid velocity uij was therefore
not included in our calculations.
A similar argument is used with respect to the choice
of the interpolation method to calculate the Lagrangian
velocities uij(t) from the Eulerian (resolved) ones [(10)].
Although the linear interpolation is used by many au-
thors (Uliasz and Sorbjan 1999; Mason 1992), it is in-
adequate, as it may introduce numerical noise when the
particle cross the grid-line boundaries (Yeung 2002).
Nevertheless, the error (imprecision) associated with
this process is only relevant at the smallest scales (i.e.,
scales equal or smaller than the numerical grid). Since
the Lagrangian statistics (both autocorrelations and in-
tegral scales) are associated with the largest scale of
motion, which are explicitly solved by the LES, we are
confident that for the atmospheric flow the results are
rather independent of the interpolation scheme used.
b. Definition of statistical variables
Autocorrelation functions and integral scales are cal-
culated from the LES results in both the Eulerian and
Lagrangian frameworks.
In the Eulerian framework, both temporal (Et) and
spatial (Es) analyses are performed. Temporal analysis
is the calculation of statistics from time series collected
at fixed positions. Spatial analysis is the calculation of
statistics from data collected at different locations at
fixed time (or averaged over a certain time).
In the Lagrangian framework (L), statistics are cal-
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culated from the particle velocities calculated by the
LES according to (10). These different approaches are
illustrated schematically in Fig. 1. The theoretical defi-
nition of the autocorrelation functions in the different
frameworks is reported in the appendix. From the au-
tocorrelation, the integral length scales () and time
scales (T) are derived in both Eulerian and Lagrangian
frameworks. There are two drawbacks in the determi-
nation of the integral scales according to (6). First, if the
sampling time is limited, the autocorrelation may not
approach zero, a problem encountered by Hanna
(1981) in his Lagrangian field experiment. Second, if
the autocorrelation shows oscillations around zero
(e.g., Deardorff and Willis 1985), the value of the inte-
gral scale calculated by (6) is zero. This is the case for
wavelike signals, as shown by Csanady (1973).
The autocorrelation function for a pure stochastic
motion has an exponential shape, that is, R(
) 
exp(
/T ), where T is the integral scale (Csanady
1973). In this case, the integral scale calculated by (6) is
equal to the time Te required for the autocorrelation to
drop to 1/e. Therefore, the measurement of Te is the
method commonly used in the majority of the studies
related to atmospheric flows (Hanna 1981; Wang et al.
1995; Deardorff and Willis 1985; Mason 1989). As will
be discussed later, in the atmospheric CBL, the shape
of the autocorrelation for the vertical velocity may dif-
fer from that of a simple exponential, and therefore the
use of Te as the definition of integral scale is not ap-
propriate.
In our study, the integral scales are defined according
to (Lenschow and Stankov 1986)
T  max0
t
Rd
	  max
0
r
Rrdr . 11
This definition gives the same result as (6) for an
exponential autocorrelation, but it allows us to calcu-
late more adequately the results for wavelike motion,
like the vertical motion of a particle in the atmospheric
CBL.
4. Eulerian statistics
Eulerian statistics are calculated in a fixed frame-
work. Eulerian length and time scales have already
been investigated in a large number of studies, both
experimentally and numerically (e.g., Caughey and
Palmer 1979; Hanna 1981; Lamb 1982; Deardorff and
Willis 1985; Lenschow and Stankov 1986; Mason 1989).
However, there is an essential difference between field
experiments and numerical studies. Field experiments
(e.g., Hanna 1981) usually provide temporal analysis
(i.e., statistics derived by the analysis of time series col-
lected at fixed positions), whereas in numerical (e.g.,
Mason 1989) or laboratory experiments (e.g., Dear-
dorff and Willis 1985), data are collected at different
locations at a fixed time (or averaged over a certain
time); that is, spatial analysis is used. These two analy-
ses are usually related by Taylor’s hypothesis of frozen
turbulence (Tennekes and Lumley 1972), which is al-
ways assumed but seldom validated. Here we analyze
both time and spatial statistics in the Eulerian frame-
work and evaluate the relationship between them.
a. Spatial analysis
One-dimensional spectra of the wind velocity com-
ponents were obtained by Fourier transforming the
LES results along the mean wind direction and then
averaging them over all parallel lines. Each of these
spectra was obtained from the model output every 10
min and then time averaged.
Figure 2 shows the normalized energy spectra for the
wind velocity components calculated in the middle of
the BL (z/zi  0.50). The LES results agree with the
tank experiments by Deardorff and Willis (1985), the
numerical results by Schmidt and Schumann (1989),
and the wind tunnel data by Kaiser and Fedorovich
(1998). As the figure shows, the numerical domain is
sufficiently large to solve all the relevant scales of mo-
tion. In fact, the vertical profile of the velocity variances
calculated as an integral of the spectra (not shown) are
in agreement with previous experimental and numeri-
cal studies (Willis and Deardorff 1974; Lenschow et al.
1980; Dosio et al. 2003).
At short scales (k/zi  20), the slope of the spectra
departs from the theoretical slope k5/3. This is a con-
sequence of the finite numerical grid, as explained by
Pasquill (1974). However, as mentioned earlier, the au-
tocorrelation (and therefore the length scale) depends
mainly on the larger scales, which are solved by the
model. To investigate the dependence of the results on
the smaller scale of motion, we performed a simulation
FIG. 1. Sketch of the different methods used in this study to
calculate statistics. Eulerian statistics are calculated both in space
(Es) and in time (Et), Lagrangian statistics (L) are calculated by
following the particles’ trajectories.
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using a very fine uniform numerical grid (10  10  10
m); the result (shown only for the vertical velocity)
shows that, as expected, the shape (slope) of the spec-
trum at short scales is improved, but at large scales (k/zi
 20), the shape of the spectrum and the magnitude
and position of the spectral peak (which is proportional
to the integral scale) are not modified. As was also
pointed out by Schmidt and Schumann (1989), simula-
tions with a different set of coefficients in the subgrid
parameterization of their model showed a slight im-
provement in the spectra, but both the results at large
scales and the agreement with measurements were not
altered significantly.
Due to the scatter, it is not easy to estimate the wave-
length j of the spectral peak. For the horizontal ve-
locity, both u and  are generally in agreement with
the relationship by Caughey (1982):

u,  0.15zi. 12
However, at heights z/zi  0.8, we found larger val-
ues for the wavelength, u,  1.8zi at z/zi  0.9 and
u,  1.9zi at z/zi  1, respectively. For the vertical
velocity, the vertical profile of w follows the curve,

wzi  1.81  exp8zzi  0.0003 exp8.5zzi,
13
which is similar to the expression suggested by Caughey
and Palmer (1979) [as shown in Fig. 4a where the ver-
tical profile of w/zi is also compared with the atmo-
spheric data by Caughey and Palmer (1979) and Graf
and Schumann (1992), and the wind tunnel data by
Kaiser and Fedorovich (1998)].
Figure 3 shows the autocorrelation function for the
three wind components calculated at three different
heights (z/zi  0.1, z/zi  0.5, and z/zi  0.8). The
results are in agreement with the experimental data by
Deardorff and Willis (1985) and the numerical experi-
ment by Mason (1989). In the middle of the boundary
layer, the autocorrelation function for w does not differ
significantly from the autocorrelation functions for u
and . Near the surface layer and near the inversion, on
the contrary, the autocorrelation function for the ver-
tical velocity decays more rapidly than for the horizon-
tal components.
This is corroborated by the vertical profiles of length
scales j (11), shown in Fig. 4b. Although a direct com-
parison is not possible due to the different definition of
the length scale, our LES results agree with previous
numerical studies (Mason 1989; Khanna and Brasseur
1998) and laboratory experiments (Deardorff and Wil-
lis 1985). The length scales remain approximately con-
stant (with a variation of about 10% from the mean
value) between z/zi  0.2 and z/zi  0.7. Lenschow and
Stankov (1986) also showed that the profiles of the
horizontal length scales remain constant with height.
FIG. 2. Normalized energy spectra of the wind velocity compo-
nents in the middle of the boundary layer (z/zi  0.5) calculated
by spatial analysis (Es). For clarity, the spectra have been divided
by the factors shown near the curves. The following experimental
data are also shown: * represents Deardorff and Willis (1985), 
represents Schmidt and Schumann (1989), and ● represents Kai-
ser and Fedorovich (1998). The thin line represents the vertical
velocity spectra for a simulation with a very fine uniform numeri-
cal grid (10  10  10 m).
FIG. 3. Eulerian autocorrelation function RE(r) calculated ac-
cording to (A4) at different heights as a function of the normal-
ized space lag r/zi. The continuous line is the u component, the
dashed line is the v component, and the dashed–dotted line is the
w component. The following experimental data are also shown: 
and  represent Mason (1989; u component and w component,
respectively) and  and ● represent Deardorff and Willis (1985; u
component and w component, respectively).
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In the region below z/zi  0.2 and in the entrainment
zone, the length scales differ significantly from their
mean value in the bulk of the CBL. In particular, the
vertical length scale decreases with height whereas the
horizontal ones increase. As shown by previous studies
(Mason 1989; Moeng and Rotunno 1990; Khanna and
Brasseur 1998), the flow near the inversion zone is char-
acterized by more isolated and discrete eddies, rather
than large downdrafts surrounded by narrow updrafts,
as in the middle of the CBL. Although the size of the
eddies (updrafts) remains mostly constant with height,
near the top of the CBL, there are fewer updrafts than
at lower levels. This leads to a increase in the skewness
of the vertical velocity in the inversion zone, as shown
by Moeng and Rotunno (1990). They also showed that
in a CBL characterized by a strong inversion, the up-
drafts convert part of their kinetic energy into that of
the horizontal velocity field; as a result, vertical motion
is converted into horizontal motion.
The results of Lenschow and Stankov (1986) show
that the horizontal length scale maintains a more con-
stant profile near the top of the CBL, and the vertical
length scale continues growing with height. Their re-
sults were obtained as an average of measurements for
different boundary layers, with values of the shear/
buoyancy ratio u*/w* varying from 0.18 to 0.46 and the
stability parameter zi/L varying from 7.5 to 54. It is
therefore possible that wind shear influenced the re-
sults in some cases. As shown by Carruthers and Hunt
(1986), the values of the length scales depend on the
atmospheric stability of the upper layer. Mason (1989)
also observed that the results by Lenschow and Stankov
(1986) near the top of the CBL could have been influ-
enced by the presence of large-scale motion in the
stable layer above the inversion.
b. Temporal analysis
Time series for the three velocity components were
collected at 1024 points uniformly distributed in the
horizontal domain for each vertical level. Spectra were
subsequently calculated and averaged over the points
(horizontal space average over the whole domain).
Figure 5 shows the energy spectra for the wind ve-
locity components calculated in the middle of the CBL
(z/zi  0.5). In spite of the large scatter in the obser-
vations, our results agree qualitatively with the atmo-
spheric data by Caughey and Palmer (1979; although
they show spectra only at z/zi  0.9). As explained
earlier, also in this case the fall of the spectra from the
theoretical slope at small scales (large frequencies) is a
consequence of the time step used, but it does not in-
fluence the values of the autocorrelations and time
scales.
The autocorrelations for the three wind components
at different heights are shown in Fig. 6 and the vertical
FIG. 4. (a) The continuous line is the vertical profile of the
normalized length scale w (wavelength of the spectral peak) for
the vertical velocity. The following experimental data are also
shown:  represents Caughey and Palmer (1979), * represents
Kaiser and Fedorovich (1998), and ● represents Graf and Schu-
mann (1992). The dashed line is the parameterized curve (13). (b)
Vertical profiles of the Eulerian length scale j (normalized by the
CBL height) calculated according to (11). The continuous line is
the u component, the dashed line is the v component, and the
dashed–dotted line is the w component. The following experimen-
tal data are also shown: * represents Khanna and Brasseur (1998),
● represents Mason (1989), and  represents Deardorff and Wil-
lis (1985).
FIG. 5. Normalized energy spectra of the wind velocity compo-
nents in the middle of the boundary layer (z/zi  0.5) calculated
by temporal analysis (Et). For clarity, the spectra have been di-
vided by the factors shown near the curves. The atmospheric data
by Caughey and Palmer (1979) are also shown (*).
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profiles of time scales TEj calculated according to (11)
are shown in Fig. 7. Both the autocorrelation and the
integral-scale profiles have similar values and vertical
shape to the ones calculated through spatial analysis
(Figs. 3 and 4). Atmospheric measurement of Eulerian
integral time scales for convective conditions (zi/L
ranging from 20 to 375) are reported by Hanna
(1981), although no vertical profiles are shown. In his
work, averaged values of TEu  44 s and T
E
w  55 s are
reported, and they agree with the LES results.
Here, it is worth mentioning that the integral scales
can be also calculated directly from the spectra. In fact,
assuming an autocorrelation with an exponential shape
Hanna (1981) showed that
TE 
1
6
Tm, 14
where Tm is the period at which spectral peak occurs.
Although a precise determination of the spectral peak
is difficult, relationship (14) is generally well satisfied
for all the wind components. For instance, values of the
integral scales calculated at z/zi  0.5 according to (14)
are TEu  56 s, T
E
  34 s, and T
E
w  53 s. In Fig. 7, the
vertical profile of TEw calculated according to (14) is
plotted, showing that the agreement is very satisfactory.
However, as pointed out by Hanna (1981), the deter-
mination of the integral scale from the autocorrelation
function is preferable, as it leads to more accurate re-
sults.
c. Validation of Taylor’s hypothesis of frozen
turbulence in atmospheric flows
As mentioned earlier, field experiments usually mea-
sure variables that evolve with time. In laboratory ex-
periments and numerical simulations, on the other
hand, spatial analysis is often used. The two frame-
works are related by Taylor’s hypothesis of frozen tur-
bulence. Following Pasquill (1974), Taylor’s hypothesis
is applied to autocorrelations and spectra as follows:
Rt  Rx if x  Ut, 15
USn  Sk if n  Uk. 16
This in turn leads to the relationship between Eule-
rian length and time scales,
UTE  	E, 17
where U is the (height dependent) mean wind in the x
direction (along which data are collected). As ex-
plained earlier, in the simulated strongly convective
CBL, the wind profile is mostly constant between z/zi
 0.1 and z/zi  0.9. The length scales 
E and time
scales TE are calculated from both autocorrelation
functions and spectra through (11) and (14), respec-
tively. To our knowledge, this is the first time that
length and time scales are calculated with two indepen-
dent methods within the same experiment, allowing a
direct validation of relation (17). The vertical profile of
the ratio 1/U E/TE, calculated by combining the results
FIG. 7. Vertical profiles of the Eulerian time scale TEj calculated
according to (11). The continuous line is the u component, the
dashed line is the  component, and the dashed–dotted line is the
w component. In the figure, the Eulerian time scale for the vertical
wind component calculated according to (14) is also shown (*).
FIG. 6. Eulerian autocorrelation function RE(
) calculated ac-
cording to (A1) at different heights as a function of the nondi-
mensional time lag t*. The continuous line is the u component, the
dashed line is the  component, and the dashed–dotted line is the
w component.
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shown in Figs. 4 and 7, is close to 1 for all the wind
components, which shows that Taylor’s hypothesis [re-
lationships (15) and (16)] holds in the simulated CBL.
Only in the regions very close to the surface (z/zi 
0.05) and at the top of the CBL (z/zi  0.95), where a
strong wind shear is present, is the ratio 1/U E/TE
slightly different than 1, being 1.2 and 0.8, respectively.
5. Lagrangian statistics
Lagrangian statistics were calculated by following,
both in space and in time, the particles released at dif-
ferent positions in the simulated CBL. In Fig. 8, an
example of a particle trajectory [i.e., vertical position as
a function of the nondimensional time t*  (zi/w*)t] is
shown. The particle is released in the middle of the
boundary layer (z/zi  0.5) and is rapidly caught by the
thermals that transport it in a wavelike motion between
the boundaries of the CBL. This motion is typical of
meandering plumes in a strongly convective boundary
layer.
In the same picture, the mean plume height (plume
centerline) of particles released at three different
heights (z/zi  0.2, 0.5, and 0.85, respectively) is also
shown. The vertical motion at short times after the re-
lease (t*  1) is largely dependent on the release height.
As shown, particles released at z/zi  0.2 are caught by
the updrafts and rise very quickly, whereas particles
released at z/zi  0.8 descend more slowly and remain
in the upper part of the CBL for a long time. The
difference in the particles’ motions at short times is
related to the different vertical structure of the turbu-
lent flow at different heights of the CBL and to the
conversion of vertical motion into horizontal motion
due to the strong inversion at the top of the CBL, as
explained earlier.
At longer times (t*  2), all particles are (on aver-
age) in the middle of the CBL, and therefore they have
a similar behavior, moving in a periodic motion be-
tween the boundaries of the CBL.
In short, the vertical inhomogeneity of the flow in-
fluences the particle motion at short times, whereas the
presence of the CBL boundaries affects the particles’
motion at longer time. As will be discussed later, these
two effects have a direct influence on the shape of the
autocorrelation and consequently on the values of the
Lagrangian time scale.
Figure 9 shows the spectra of the vertical velocity for
a particle released in the middle of the CBL. As ex-
plained by Corssin (1963), the Lagrangian spectra in
the inertial subrange follows a n2 slope. With respect
to the Eulerian one, the peak shifts toward smaller fre-
quencies, as shown by Hanna (1981). The value of the
spectral peak frequency with respect to the one calcu-
lated in the Eulerian framework will be discussed later.
Lagrangian autocorrelations calculated using (A5) are
shown in Fig. 10 as a function of the dimensionless time
t*. To have statistically sound results, they are pre-
sented as an average over particles released at three
different heights: particles released below z/zi  0.25
(10 240 particles), particles released between z/zi  0.25
and z/zi  0.75 (30 720 particles), and particles released
above 0.75 (10 240 particles).
FIG. 8. Mean plume height (plume centerline) of particles re-
leased at three different heights (z/zi  0.2, 0.5, 0.85, respectively)
and example of an individual trajectory (vertical position as func-
tion of time) of a particle released at z/zi  0.5.
FIG. 9. Lagrangian energy spectra of the vertical velocity for a
particle released in the middle of the boundary layer.
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There is a noticeable difference between the auto-
correlation for the horizontal () and the vertical (w)
wind component. The horizontal autocorrelation (Fig.
10a) closely follows an exponential decay [i.e., at z/zi 
0.5 R(
)  exp(
/200)], characteristic of a Markov
process. The shape of the autocorrelation is indepen-
dent of the height of the release, but it is clear that the
integral of the autocorrelation for particles released
above z/zi  0.75 is slightly larger than the one for
particles released in the middle of the CBL.
The vertical autocorrelation departs from an expo-
nential function. The shapes of the autocorrelation of
particles released below z/zi  0.25 or between z/zi 
0.25 and z/zi  0.75 are quite similar and peculiar. Both
have a strong minimum (at t*  1 and 1.4, respectively),
and they reach constant value close to zero at larger
times. This particular shape of the autocorrelation is
found for periodic (or wavelike) motions, as explained
by Csanady (1973). In the CBL, the particles’ vertical
motion is limited by the bottom and the top boundaries,
and the particles move periodically within the CBL, as
shown in Fig. 8. This autocorrelation is reproduced ana-
lytically by combining a stochastic motion (character-
ized by an exponential autocorrelation) and a wavelike
motion (characterized by a sinusoidal autocorrelation).
The resulting autocorrelation has a shape similar to the
analytical function (Csanady 1973),
RL  emcosn  mn cosn. 18
As Fig. 10b shows, the function (18) with m  0.9 and
n  1.5 fits the LES results accurately for the release at
z/zi  0.5.
As mentioned previously, experimental measure-
ments of Lagrangian statistics in the CBL are extremely
rare. In his study, Hanna (1981) calculated the integral
time arbitrarily assuming that TL corresponds to the
time lag at which R(
) first drops to 0.37, therefore
implicitly assuming an exponential shape for R(
).
However, he pointed out that the autocorrelation
curves do not approach zero at the largest time lags
available. This may implicate that his dataset (30 min
record) was too short to show the negative behavior of
the autocorrelation function at large times.
In their study of synoptic-scale Lagrangian autocor-
relation function, Daoud et al. (2003) analyzed a large
database of modeled 10-day atmospheric trajectories,
and they showed indeed an autocorrelation function
whose shape is similar to that in our study (although in
their case, it is the horizontal velocity autocorrelation).
They also related this shape to wavelike motion of the
particle in the atmosphere.
Numerical investigations of Lagrangian statistics in
turbulent flow are reported by Wang et al. (1995) and
Yeung and Pope (1989). The latter performed a direct
numerical simulation of isotropic turbulence at a rela-
tively low Reynolds number (100); therefore their
study is not directly comparable with atmospheric tur-
bulence. Wang et al. (1995) performed an LES simula-
tion of a turbulent channel flow at a Reynolds number
of 21 900, which can be regarded as an idealization of a
neutral atmospheric boundary layer. In our opinion,
particles released in a neutral BL have a different be-
havior compared to a pure convective CBL. As shown
by Dosio et al. (2003), a tracer released in a near-
neutral BL is transported horizontally rather than ver-
tically; the vertical dispersion is reduced whereas the
horizontal dispersion is enhanced. Therefore, the ver-
tical wavelike motion, which leads to the negative-
shaped autocorrelation, is largely reduced in a neutral
BL. In fact, as Fig. 10b shows, the shape of the auto-
correlation for particles released above z/zi  0.75
(where the turbulence characteristics are different than
in the bulk of the CBL) is much closer to an exponen-
tial shape, especially at short time. At longer time (t* 
2), when the particles are in the middle of the CBL, the
autocorrelation shows the negative minimum (but
smaller than the other cases), and finally it reaches
zero.
From the autocorrelation function, the following
function is calculated:
Tj
Lt  
0
t
Rj
Ld. 19
By definition (6), the Lagrangian time TLj is therefore
the limit for large times of TLj (t).
FIG. 10. (a) Lagrangian autocorrelation for the horizontal ()
motion for particles released at different heights. The function
R(
)  exp(
/200) is also shown (dashed–dotted line). (b)
Lagrangian autocorrelation for the vertical (w) motion for par-
ticles released at different heights; (18) is also shown (dashed–
dotted line).
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Figure 11 shows the function TLj (t) for the horizontal
and vertical motion as a function of t*. For the hori-
zontal motion, TL (t) grows constantly until it reaches a
(fairly) constant asymptotic value. This asymptote rep-
resents the Lagrangian time (6), and it has a value TL 
230 s for particles released between z/zi  0.25 and z/zi
 0.75. The time at which the autocorrelation drops to
1/e is Te  200 s. Such small discrepancy is due to
statistical errors related to the small fluctuations
around zero for large time lags (2  t*  4) (Fig. 10a).
In fact, as shown in Fig. 10a, the analytical function R(
)
 exp(
/200) fits very well the autocorrelation calcu-
lated by the LES. The Lagrangian time for particles
released above z/zi  0.75 has a larger value (T
L
  310
s, as explained previously.
For the vertical motion, the curve TLw(t) follows
closely the one for the horizontal motion for short times
(t*  0.5) before reaching a maximum and finally drop-
ping to zero. The value and the position of the maxi-
mum depend on the release height, being TLw  175 s for
particles released above z/zi  0.75 and T
L
w  100 s for
particles released above z/zi  0.75.
It is therefore clear that in the atmospheric CBL, the
Lagrangian properties at short times depend on the re-
lease height, due to the turbulence vertical structure.
Moreover, a peculiar difference exists at large times
between vertical and horizontal direction, due to the
limitation by the lower and upper boundaries to the
vertical motion. These effects have a large influence on
the autocorrelation shape and the value of the
Lagrangian time, as shown. This difference between
horizontal and vertical motion has also a great effect on
the particle displacement (dispersion), as will be dis-
cussed in the next section.
6. Horizontal and vertical dispersion
In this section, the relationship between the flow
properties and the dispersion characteristics is ana-
lyzed. In particular, dispersion characteristics are calcu-
lated in both Eulerian and Lagrangian frameworks.
Taylor’s relation [(2)] relates the autocorrelation R(
)
to the particles’ displacement x2j (t) (1); both of these
quantities are calculated in the Lagrangian framework.
As pointed out by Blackadar (1998), for practical ap-
plications the Lagrangian quantity (1) is often replaced
with the Eulerian one 	2xj. The latter refers to the stan-
dard deviation of the position of all the particles that lie
at distance X  Ut downwind of the source, whereas
x2j (t) refers to all the particles that have traveled a time
t since leaving the source. Some of them will be situated
closer and some farther from the source than the dis-
tance X. In practical application, the Eulerian quan-
tity 	2xj is calculated (measured) instead of the
Lagrangian x2j (t), assuming that the difference is not
very great.
By using the LES results, we calculate both 	2xj and
x2j (t) and compare them with Taylor’s relationship (2).
To calculate the Eulerian dispersion, particles are
tracked as a function of space, instead of time, and 	2xj
is calculated at intervals equal to the grid size from the
initial position. The results are shown in Figs. 12 and 13
and are discussed below.
a. Horizontal dispersion
For the horizontal motion (Fig. 12), Taylor’s theory is
satisfactorily fulfilled. The Lagrangian displacement
y2(t) is similar to the Eulerian dispersion parameter 	2y,
and both agree with previous studies and laboratory
measurements (Lamb 1978; Willis and Deardorff 1981).
Equation (2) closely follows the displacement curves,
and it shows the expected limits at short and long times,
respectively, 	t and 2	(T
L
 t)
1/2. This satisfactory agree-
ment is closely related to the exponential shape of the
autocorrelation (Fig. 10), leading to a constant limit at
longer times for the value of the Lagrangian integral
time (Fig. 11).
b. Vertical dispersion
The results for the vertical dispersion are shown in
Fig. 13. It is first important to notice that also in this
case, the Lagrangian displacement z2(t) and the Eule-
rian dispersion parameter 	2z are very similar, which
implies that, for practical purposes, using Eulerian dis-
persion parameters instead of the Lagrangian one does
not lead to large errors. This is related to the fact that
Taylor’s hypothesis of frozen turbulence holds in the
simulated CBL, as shown before. As a result, dispersion
statistics calculated for particles that traveled a time t
FIG. 11. Integral of the autocorrelation (19) for the (a) horizon-
tal and (b) vertical wind components for particles released at two
different heights (continuous line: z /zi  0.5; dashed line: z /zi 
0.85).
APRIL 2005 D O S I O E T A L . 1185
after the release are equivalent to those calculated for
particles that lie at distance X  U/t from the source.
However, for the vertical motion, the comparison be-
tween the particle displacement and Taylor relationship
(2) is less satisfactory and requires a more detailed
analysis and discussion. Since the shape of the vertical
autocorrelation function and the Lagrangian time de-
pend on the particle release height, the results are pre-
sented separately for particles released below and
above z/zi  0.75.
1) PARTICLES RELEASED BELOW Z/Z  0.75
The vertical displacement (1) calculated from the
particle trajectories agrees with previous experiments
(Lamb 1978) and reaches a constant limit of z2(t) 
0.3, characteristic of an ensemble of particles uniformly
mixed within the CBL. Equation (2), on the other hand,
agrees with the displacement and previous experiments
only at short times (t*  0.7). This time is of the same
order of magnitude as the turnover time and corre-
sponds to the period when the particles, just after being
released, are still unaffected by the CBL boundaries. In
other words, the particles are in a regime of “free mo-
tion.”
As Fig. 13b shows, at longer times, (2) reaches a
constant limit of about 0.5. This limit is due to the pe-
culiar shape of the autocorrelation for vertical motion
for t*  2, which leads to T
L
w  limt→ T
L
w(t)  0 (see
Fig. 11b). As a result, (2) becomes
xj
2t  
0
t 
0
t
Rw
Ld dt  
0
t
Tw
Ltdt  constant.
20
As mentioned earlier, Taylor’s diffusion theory was
developed for homogeneous turbulence, whereas the
CBL is characterized by vertically inhomogeneous tur-
bulence. Moreover, the vertical motion is bounded by
the CBL boundaries, and in strongly convective condi-
tions, the particles are transported in a wavelike motion
as shown in Fig. 8. Therefore, we consider it more ap-
propriate to make a distinction between free and
bounded motion, as discussed later.
2) PARTICLES RELEASED ABOVE z/zi  0.75
The displacement of particles released above z/zi 
0.75 is strongly affected by the turbulent structure in the
FIG. 12. Normalized horizontal dispersion parameters as a func-
tion of the dimensionless time t*. The continuous lines are the
Lagrangian displacements y2(t) (1), the dotted lines are the Eu-
lerian dispersion parameters 	y, and the dashed lines represent
Taylor’s theory (2). (a) Horizontal dispersion for particles re-
leased below z /zi  0.25. Data () from the numerical experi-
ment by Lamb (1978) are also shown. (b) Same as in (a), but for
particles released between z /zi  0.25 and z /zi  0.75. The water
tank data (●) from Willis and Deardorff (1981) are also shown. (c)
Same as in (a), but for particles released above z /zi  0.75.
FIG. 13. Normalized vertical dispersion parameters as a function
of the dimensionless time t*.The continuous lines are the
Lagrangian displacements z2(t) (1), the dotted lines are the Eu-
lerian dispersion parameters 	z, and the dashed lines represent
Taylor’s theory (2). (a) Vertical dispersion parameters for par-
ticles released below z /zi  0.25. The dashed–dotted line repre-
sents expression (2) calculated using the function TL(t). Data ()
from the numerical experiment by Lamb (1978) are also shown.
(b) Same as in (a), but for particles released between z /zi  0.25
and z /zi  0.75. The water tank data (●) from Willis and Dear-
dorff (1981) are also shown. (c) Same as in (b), but for particles
released above z /zi  0.75.
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upper part of the CBL. As discussed previously, the
turbulence structure near the top of the CBL is differ-
ent than in the lower layers, due to the strong capping
inversion, and vertical motion is converted into hori-
zontal motion. As a result, at short times, when the
particles have not yet reached the middle of the CBL,
the vertical displacement is diminished. At longer times
(t*  3), the particles are well mixed within the entire
CBL, and the displacement (1) reaches the constant
limit of about 0.3 as explained earlier. However, also in
this case, (2) overestimates this limit at longer times
(Fig. 13c).
3) DISTINCTION BETWEEN FREE AND BOUNDED
MOTION
A more adequate interpretation of the LES results
with respect to (2) is obtained if the two regimes (free
motion and bounded motion) are considered sepa-
rately, or in other words, when a distinction is made
between shorter and longer times after the release.
As previously shown, the period of time in which the
particles are in a regime of free motion (before being
affected by the CBL boundaries) is of the same order of
magnitude as the turnover time. If t0 is the time at
which the function TLw(t) reaches its maximum value,
then TLw(t0)  T
L
w according to (11). A new time scale is
defined as
TLt  TwLt t  t0
TLt  0 t  t0
. 21
The function TL(t) is shown in Fig. 14 for particles
released at z/zi  0.5 and z/zi  0.85. This function is
consistent with the two limits (for shorter and longer
times) that the function TLw(t) must fulfill.
If we now recalculate (2) using the new function
TL(t), the result agrees more satisfactorily with the
experiments and the particle displacement z2, as
shown in Fig. 13.
7. Relationship between Eulerian and Lagrangian
frameworks
In this section, we derive relationships between the
Lagrangian and Eulerian frameworks from the LES re-
sults for the autocorrelation functions and spectra.
a. Integral Lagrangian time scale
Figures 15a and 15c show the vertical profiles of time
scales TLj calculated from the autocorrelation functions
according to (11). Both the horizontal and vertical
Lagrangian time scales are almost constant with height
for z/zi  0.7. The vertically averaged values below z/zi
 0.7 are TL  220 s and T
L
w  180 s, respectively. As
explained earlier, the Lagrangian time scale can also be
calculated directly from the spectra, using an expres-
sion similar to (14). By using this method, averaged
values of TL  235 s and T
L
w  210 s are found, which
shows that the two ways of determining TLj are equiva-
lent. However, the determination of the integral time
by the spectral technique leads to greater uncertainties
due to the difficulty in precisely locating the spectral
peak.
Our results are in agreement with the measurements
by Phillips and Panofsky (1982) (TL  190 s). Other
previous experimental studies show a large uncertainty
in the value of the Lagrangian time. For instance, at-
mospheric measurements range from 70–80 s (Hanna
1981) to 104 s (Gifford 1982). The numerical studies by
Wang et al. (1995) and Uliasz and Sorbjan (1999) do
not provide a direct value of the calculated integral
time scale. As pointed out by Hanna (1981), atmo-
spheric measurements are influenced by the complexity
of the experimental setup and the short sampling time.
Moreover, the results depend on different meteorologi-
cal conditions during the measurement campaign. The
LES results, on the contrary, are obtained from a more
controlled experiment and a longer time series of data.
The value of the Lagrangian time scale is commonly
parameterized as a function of CBL Eulerian charac-
teristics (Angell 1964). In particular, TLj is related to the
wavelength of the spectral peak j according to (De-
grazia et al. 1998)
Tj
L 

16

j
j
. 22
By substituting in (22) the values of j calculated by
the LES [(12) and (13)], the following relationships are
found:
T
L  0.17
zi

and 23FIG. 14. Time scale TL(t) (21) for particles released at z /zi 
0.5 (continuous line) and za/zi  0.85 (dashed line).
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Tw
L  0.2
zi
w
1  exp8zzi  0.0003 exp8.5zzi.
24
As shown by Degrazia et al. (1998), (23) and (24)
agree with the atmospheric measurements by Hanna
(1981) in the middle of the CBL. In Figs. 15a and 15c,
(23) and (24) are compared with the LES results. Both
parameterizations are able to reproduce the LES re-
sults correctly for heights below z/zi  0.7.
Above z/zi  0.7, the LES results show an increase of
TL with height (Fig. 15a). This is consistent with the
calculation of the integral time scale from the spectral
peak, which shows an averaged (above z/zi  0.7) value
of TL  260 s. As discussed in section 4a, the value of
the wavelength j calculated by the LES is u,  1.8zi
at z/zi  0.9 and u,  1.9zi at z/zi  1. If these values
are used in (22), a better agreement is found between
the LES results and the parameterization.
b. Value of the ratio j
Figures 15b and 15d show the ratio j of the
Lagrangian to Eulerian time scales for the horizontal
and vertical wind components. For the horizontal wind
component,  varies between 4 and 6, with a vertically
averaged value of   5. The irregular vertical profile
of  is due to fluctuations in the autocorrelation func-
tion (Fig. 10a). For the vertical wind component, the
values of w calculated by the LES have a vertically
averaged value of 4. Values in literature range form 1.8
(Hanna 1981) to 4 (Angell 1964).
The value of j is usually related to the intensity of
turbulence i  	j/U by (9), as explained previously. In
Fig. 15b, the following parameterization proposed by
Hanna (1981) is also shown:
j  C
U
j
 0.7
U
j
. 25
As it can be seen, despite the fluctuations, the pa-
FIG. 15. (a) Vertical profiles of horizontal Lagrangian time scale as calculated by LES
(continuous line) and parameterized according to (23) (dashed line). (b) Ratio between the
horizontal Lagrangian and Eulerian time scales as calculated by LES (continuous line) and
parameterized according to (25) (dashed line). (c) Same as in (a), but for the vertical wind
component. (d) Same as in (b), but for the vertical wind component.
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rameterization is in satisfactory agreement with the
LES results.
As shown in Fig. 15d, the parameterization (25) for
the vertical component agrees with the LES results only
for z/zi  0.7. Other values of the constant C range in
the literature from 0.35 to 0.8 as reported by Pasquill
(1974). Theoretical analysis by Wandel and Kofoed-
Hansen (1962) leads to C  0.44 whereas the numerical
simulation by Wang et al. (1995) gives a value of C 
0.6. To illustrate the dependence of the parameteriza-
tion on the value of the constant C, (25) is shown in Fig.
15d for two values of the constant, C  0.4 and C  0.7,
respectively. As stated by Hanna (1981), the value C 
0.7 gives the best fit for the overall dataset, whereas the
value C  0.4 fits the experimental data for high wind
speed better, and it is in better agreement with the LES
results for z/zi  0.7.
8. Conclusions
Eulerian and Lagrangian statistics were calculated by
means of an LES. A large numerical domain and a long
integration time were used in order to obtain reliable
statistics both in space and in time. The flow character-
istics were studied by analyzing the energy spectra and
velocity autocorrelations in both the Eulerian and
Lagrangian frameworks.
Three main research issues were studied. First, Eu-
lerian statistics were calculated by means of spatial and
temporal analyses. The two frameworks are related by
Taylor’s hypothesis of frozen turbulence. Characteristic
length and temporal scales were derived by means of
two different methods, namely through the analysis of
the autocorrelation function and the spectral peak, al-
lowing a direct validation of Taylor’s hypothesis, the
results of which were satisfied in the simulated CBL.
Second, the relationship between flow properties
(autocorrelations) and dispersion characteristics (par-
ticles’ displacements) was discussed through Taylor’s
analysis of turbulent dispersion. Results showed that
for the horizontal velocity, the autocorrelation had an
exponential shape, characteristic of a stochastic motion.
As a result, horizontal dispersion was satisfactorily de-
scribed by Taylor’s diffusion theory. On the contrary,
the autocorrelation function for the vertical velocity
had a more complicated shape, due to the vertical in-
homogeneity of the turbulent flow. Moreover, the par-
ticle vertical motion is confined between the CBL
boundaries. As a result, particles moved following a
wavelike motion, and the value of the integral scale was
zero. Taylor’s analysis correctly predicted the particles’
displacement at short times but overestimated the as-
ymptotic limit at longer times.
The use of a different method to calculate the
Lagrangian integral time (11), allowed us to distinguish
better between free and bounded motion, and a better
agreement between Taylor’s relationship and particles’
vertical displacement was found.
This study was completed by verifying the equiva-
lence between Lagrangian particle displacement x2j
and the Eulerian dispersion parameter 	2xj. The com-
parison showed that, for practical purposes, using Eu-
lerian dispersion parameters instead of the Lagrangian
one does not lead to large errors. This is related to the
fact that Taylor’s hypothesis of frozen turbulence holds
in the simulated CBL.
Finally, the relationship between Lagrangian and Eu-
lerian framework was investigated through the calcula-
tion of the Lagrangian integral scales and the ratio .
Vertical profile of TLj showed that the integral scales
remain constant at heights z/zi  0.7. The difference in
the turbulence characteristics near the inversion influ-
enced the particles’ motion, which is transformed from
vertical into horizontal. This affected the values of the
integral scales in the upper layers of the CBL, where
the horizontal time scale increased, whereas the vertical
time scale was reduced. Currently used parameteriza-
tions for the ratio , derived either in previous field
atmospheric experiments or through theoretical analy-
sis, were compared with the LES results, showing a
satisfactory agreement. The present study indicates the
need for further investigation on the values of time and
length scales near the inversion zone (z/zi  0.7) of the
CBL and their implication for atmospheric dispersion.
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APPENDIX
Definition of Statistics
a. Eulerian statistics
Time series of Eulerian velocities ut are measured at
different fixed positions (1024 points uniformly and
horizontally distributed for each vertical layer). The
Eulerian autocorrelation function is calculated as fol-
lows (Daoud et al. 2003):
RE 

t1
Nj
ut  ututj  utj

t1
Nj
ut  ut
212
t1
Nj
utj  utj
212
,
A1
where 
  jt is the time lag, and N is the number of
time steps t. The mean velocities are defined accord-
ing to
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ut 

t1
Nj
ut
N  j
and A2
utj 

t1
Nj
utj
N  j


tj1
N
ut
N  j
. A3
The autocorrelation is then spatially averaged over
all the fixed measurement positions. Spatial autocorre-
lation is calculated from the velocities ui measured at
different positions along the wind direction (recorded
every 10 min) as follows:
REr 

i1
Nj
ui  uiuij  uij

i1
Nj
ui  ui
212
i1
Nj
uij  uij
212
,
A4
where r  jx is the space lag, and x is the grid size.
Autocorrelations calculated according to (A4) have
been subsequently averaged over all of the parallel
lines and over time.
b. Lagrangian statistics
In the Lagrangian framework, the autocorrelation
function is calculated using the particle velocities ui(t)
derived according to (10). At each time t0  
 (where t0
is the release time and 
 is the time lag), the Lagrangian
autocorrelation RL(
) is calculated following Wang et
al. (1995) as
RL 
uit0  u
it0u
it0    u
it0  
uit0  u
it0
212uit0    u
it0  
212
,
A5
where the average (indicated by  ) is made over all the
particles released at the same height.
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